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A nonlinear conservation equation for the fluid concentration field during one- 
dimensional viscoelastic diffusion is derived by retaining the concentration depend- 
encies of physical properties in the fluid flux expression from the nonequilibrium 
thermodynamic treatment of Durning and Tabor (1986). The result is specialized 
to the limit of small, butfinite, diffusion Deborah numbers to give a model essentially 
the same as that by Thomas and Windle (1982) for Case 11 transport ( TW model). 
Orthogonal collocation on Hermite cubic trial functions together with a stiff ordinary 
differential equations integrator were used to solve the TW model for integral 
sorption in a dry film. The solutions show good agreement with previous analyses 
and confirm that strong nonlinearities in both the fluid diffusivity and the mixture 
viscosity are essential for prediction from the model of wave-like concentration 
profiles associated with the Case 11 process. Also, the numerical results partially 
confirm the analytical asymptotic analysis of Hui et al. (1987b) for the Case 11 
wave-front velocity, v. They show that Hui et al. ’s formula for the dependence of 
u on characteristic physical properties does not depend on the details of how the 
diffusivity and viscosity change with fluid content, as long as both are strongly 
nonlinear. 

Introduction 
An understanding of unsteady diffusion of low molecular 

weight fluids in polymers is important in many areas of modern 
technology. For example, fluid diffusion in polymers plays an 
important role in photoresist technology (Thompson et al., 
1983), in control release technologies (Roseman and Mansdorf, 
1983) and in coatings, fiber-spinning and polymer devolatili- 
zation operations (Vrentas et al., 1975). It is well known that 
at temperatures far above the glass transition temperature, the 
unsteady diffusion follows Fick’s law (Fujita, 1968; Crank, 
1975). However, near or below the glass transition, the trans- 
port often deviates markedly from Fick’s law (Park, 1968) and 
is termed viscoelastic or non-Fickian. Roughly speaking, near 
the glass transition, the polymer’s intrinsic time-dependent 
response to external disturbance interferes with diffusion and 
causes deviations from the classical, Fickian transport. 

At present, there is no widely accepted, first-principles de- 
scription of viscoelastic diffusion. There are a number of phe- 
nomenological models (see, for example, Astarita and Sarti, 
1978; Thomas and Windle, 1982; Petropoulos, 1984; Ocone 
and Astarita, 1987), but each is based on ad hoc arguments 
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and is limited in the range of conditions that it can handle. A 
number of first-principles developments based on nonequi- 
librium thermodynamics have been published (Neogi, 1983; 
Durning and Tabor, 1986; Carbonell and Sarti, 1990; Jou et 
al., 1991; Perez-Guerrero and Garcia-Colin, 1991; Edwards 
and Beris, 1991; Lustig et al., 1992), but none have been sys- 
tematically tested against reliable data over a broad range of 
conditions. These circumstances have not permitted adequate 
modeling of engineering applications involving viscoelastic dif- 
fusion. In this article we offer two contributions facilitating 
such applications. 

Firstly, we rederive the one-dimensional (1-D) model of 
Thomas and Windle (1982) from the results of the nonequi- 
librium thermodynamic treatment of Durning and Tabor 
(1986). The development clarifies the empiricism in the original 
derivation and shows Thomas and Windle’s model (TW model) 
to be a small Deborah number limit of a more general theory 
of viscoelastic diffusion. Secondly, we present an accurate 
numerical integration of the TW model, which is known to 
predict the difficult limit of Case I1 transport. The numerical 
techniques that we use for this purpose should be useful for 
field equations describing viscoelastic diffusion near the Case 
I1 limit. 
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This article is organized as follows. The next section sum- 
marizes the important phenomenological background on vis- 
coelastic diffusion and the Case I1 limit. Then we present a 
new derivation of the TW model from the nonequilibrium 
thermodynamic results of Durning and Tabor (1986). Subse- 
quent to that, the key results of previous analyses of the TW 
model are reviewed; we then describe our numerical methods 
and finally discuss the numerical results. 

The Case II Limit 
The unsteady diffusion of fluids in polymers is commonly 

studied by the 1-D sorption experiment; we focus on sorption, 
but any unsteady mass-transfer process could be considered. 
A polymer film occupies the region O i x i t i .  The surfaces at 
x=O and ti are initially in contact with a large reservoir of a 
fluid at activity a- .  The system is initially in equilibrium. At 
time t = 0’ , the external fluid activity is increased suddenly 
from a- to a + .  The fluid then diffuses into the film until a 
new composition consistent with the equilibrium isotherm is 
established. Two typical experiments are interval sorption, 
where a- > O  and a+ -a -  << 1 and integral sorption, where 
a- = 0 and a’ is - O(1). In either experiment one monitors the 
sorption kinetics by following the fluid concentration distri- 
bution or the weight of fluid absorbed by the film. 

A regime of linear behavior can be defined in the limit that 
the concentration interval (the difference between the initial 
and final fluid concentrations) is very small, as in an interval 
sorption experiment with avery small change in activity. Indeed 
the governing equations from any model could be linearized 
in this case to supply a linear initial value problem describing 
the process. Outside of this regime, as in integral sorption 
experiments, the concentration dependence of the material 
properties becomes an important feature and the diffusion is 
nonlinear. In this work, we are primarily concerned with non- 
linear viscoelastic diffusion, because its mathematical intract- 
ability has clearly impeded engineering-level calculations. 

Alfrey et al. (1966) first attempted to organize the viscoelastic 
behaviors seen in nonlinear 1-D sorptions. They proposed that 
all nonlinear behaviors lie between two limiting cases: nonlin- 
ear Fickian, or “Case I” transport, and “Case 11” transport. 
The limiting behaviors are easily identified in a sorption ex- 
periment. If theamount of fluid per unit area, w ,  be represented 
initially by w = k f ,  where t means time and k and n are con- 
stants, then Fickian behavior corresponds to n = 1/2, while for 
Case I1 transport n =  1. For intermediate cases, one has 
1 /2 < n < 1. Almost all nonlinear sorption experiments con- 
form to this generalization. Consequently, Case I1 has long 
been considered a conceptually important limiting case of non- 
linear viscoelastic diffusion. 

Case I1 diffusion has the Following phenomenological fea- 
tures in 1-D integral sorption experiments: 

A step-like concentration profile develops with a sharp 
boundary separating a highly swollen region from a nearly dry, 
typically glassy region. 

The sharp boundary moves into the polymer with a con- 
stant velocity causing the amount of fluid absorbed to increase 
linearly with time. 

A small Fickian “precursor” exists in the dry region ahead 
of the front. 

There is an initial induction time, during which the sharp 
boundary is established near the film surface. 

A New Derivation of Thomas and Windle’s Model 
for Case II 

An important observation was made by Vrentas et al. (1975) 
on the mechanism of viscoelastic diffusion. For the linear case, 
they correlated the appearance of non-Fickian behavior with 
a diffusion Deborah number (De), defined as the ratio of the 
dominant mechanical relaxation time for the polymer/fluid 
system to its characteristic interdiffusion time. Vrentas et al. 
observed that transport is Fickian if De is either very large or 
very small. Viscoelastic effects only occur when De - O( 1). This 
finding suggests that non-Fickian behavior stems from a cou- 
pling between molecular diffusion and the polymer’s intrinsic 
time-dependent response to diffusion induced deformation. 

Thomas and Windle (1982) first incorporated the effect of 
the polymer’s retarded mechanical response into a thermo- 
dynamic description of diffusion. They assumed that the fluid’s 
diffusion flux is proportional to its chemical potential gradient 
and postulated that the local fluid potential is affected by the 
local rate of expansion of the “polymer matrix.” Their model 
can predict all the essential characteristics of Case I1 transport 
(Thomas and Windle, 1982; Hui et al., 1987a,b), but it cannot 
properly describe the linear viscoelastic limit (Durning et al., 
1985). 

A more recent model, by Durning and Tabor (1986) (DT 
model), captures theessential features of I-D linear viscoelastic 
diffusion. They derived from a well-structured nonequilibrium 
thermodynamic argument an equation for the fluid flux. The 
development applies when the polymer suffers only infinites- 
imal strains during the diffusion. It also assumes a simple 
functional form for the nonequilibrium free energy consistent 
with well-accepted molecular-level models of concentrated pol- 
ymer solutions (transient network model, tube model). The 
theory correctly predicts 1-D linear viscoelastic behavior ob- 
served in interval sorptions without the use of empiricism 
(Durning, 1985; Mehdizahdeh and Durning, 1990). The frame- 
work is attractive for comparison with experiment because of 
its relatively simple mathematical structure and because all of 
the physical properties accounting for non-Fickian effects can 
be measured in independent mechanical experiments. In what 
follows we consider the application of the DT model to non- 
linear transport in one-dimension, where the composition de- 
pendence of the transport properties plays a significant role 
and show that the nonlinear TW model can be recovered as a 
limiting case for small values of a suitably defined, local Deb- 
orah number. 

For 1-D sorption, the transport of fluid is governed by the 
equations of continuity and a constitutive law for the diffusion 
flux. The equations of continuity have a very simple form in 
polymer material coordinates if one ignores the volume change 
on mixing (Billovits and Durning, 1989). In this case the pol- 
ymer continuity equation is identically satisfied. The fluid con- 
tinuity equation is: 

ac 
at- -F _- 

where j:= pl(vl - vz) means the mass flux of the fluid (com- 
ponent 1) relative to the polymer (component 2), vi means the 
velocity of component i, ( is the polymer material coordinate 
along the diffusion direction, and c is the fluid concentration 
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per unit volume of polymer [ =pI/(P202), with pi meaning the 
mass density of i in the mixture and Oi meaning the partial 
specific volume of 4. 

A relationship for j :  was derived by Durning and Tabor 
(1986) using nonequilibrium thermodynamics for a binary mix- 
ture with one component (the polymer) having memory. Mix- 
tures concentrated in polymer show very strong changes in the 
transport properties with fluid content (Vrentas et al., 1975), 
especially near the glass transition (Vrentas and Duda, 1978; 
Frick et al., 1990), so it is reasonable to expect a nonlinear 
regime where polymer strains remain small but the transport 
properties vary significantly with composition. If one retains 
all composition dependencies, the theory leads to: 

in one dimension. Here g( c )  means G ( c )  /Go with G (c) being 
the instantaneous shear modulus of the mixture, Go being 
G(c=O), D ( c )  = D I 2  (p2Q2 with DI2  being the binary mutual 
diffusion coefficient and 

D' ( C) = D(  c )  0, ( af/aol) -'pOlG0/( RTo2) (3) 

In Eq. 3, RTf is the fluid chemical potential at equilibrium, 
relative to the pure fluid, tJi means the partial molar volume 
of component i ,  and tpr is the (normalized) shear relaxation 
modulus of the mixture, measurable by linear viscoelastic me- 
chanical experiments. Note that D, D', g and (0, are all func- 
tions of concentration, c, which introduces important 
nonlinearities into the governing field equations. 

Substituting Eq. 2 into Eq. 1 gives a nonlinear integro- 
differential equation governing the fluid concentration field, 
c. To solve this for integral sorption, one needs two boundary 
conditions and initial conditions. At the polymer/fluid inter- 
faces, the fluid's chemical potential is continuous: 

where ps is the fluid's potential in the reservoir and pl((, f) is 
the potential inside the polymer film. The development leading 
to Eq. 2 implies that pl(.$, t )  depends on the history of c(f ,  t )  
through the memory integral in Eq. 2. Thus, Eqs. 4 imply 
nonlinear integral equations for the surface concentrations. 
The initial conditions for integral sorption in a dry film are 

c(E, t = O ) = O  for O s E s t i  (5) 

In Appendix A we derive a limiting form of Eq. 2 valid for 
small values of a suitably defined local Deborah number; anal- 
ogous limiting forms are implied for the boundary conditions. 
The development presumes only that a simple time-concen- 
tration superposition is valid for the mixture. The resulting 
dimensional expression for the flux is 

7 (  c ) D (  C= 0) << 1 (6) 
r f  

De = 

This is, essentially, the TW model; it turns out to be slow 
diffusion limit of a more general viscoelastic theory. 

In their original formulation, Thomas and Windle put 
D( c )  =Do exp(kc), ~ ( c )  = qo exp ( - mc) and f = ln(c/c,), where 
c, is the equilibrium value of c in order to capture the essential 
nonlinearities with simple functional forms. Including these, 
and introducing the dimensionless quantities: 

gives the dimensionless initial value problem for integral sorp- 
tion 

au 
(9) _- as - - & I  l n ( u ) p  for p=O and p= 1 

where 

is a dimensionless parameter, related but not identical with 
De, proportional to the equilibrium volume fraction of liquid, 
pleDI. Equations 9 are the small De limiting forms of the integral 
equations implied by Eqs. 4. The reader should note that get- 
ting the simple dimensionless form of D' ( c )  shown in Eq. 8, 
namely ud", requires the approximation pleDl <<pze02 in Eq. 
3, that is, that the mixture always remain concentrated in 
polymer; otherwise ud" is replaced by ud"/(p& + UpjeCl). 

This approximation seems reasonable in view of those taken 
for D (  c),  ~ ( c )  and f( c). 

Prior Analyses of the TW Model 
Thomas and Windle (1982) formulated the 1-D problem for 

integral sorption in terms of two coupled field equations, gov- 
erning the fluid concentration c and the fluid activity a 
[ = exp(p, - &/RT where py is the pure liquid potential]. They 
solved the system numerically by an explicit finite difference 
method employing a number of assumptions, but did not study 
the error, stability or convergence characteristics of their nu- 
merical scheme. The numerical solutions showed steep con- 
centration fronts moving with nearly constant velocity and 
linear weight uptake kinetics, features typical of Case I1 dif- 
fusion. They demonstrated numerically that a strong decrease 
with concentration in the viscosity is essential for the prediction 
of Case I1 from the model, and suggested that a diffusion 
coefficient increasing strongly with concentration is also nec- 
essary, although this was not supported by calculations. 

Thomas and Windle also studied the surface swelling kinetics 
by solving Eq. 9 numerically for A4 in the range 5 5 M 1 2 0 .  
For this range in M ,  they found that the surface concentration 
increases rather slowly at short times, but then abruptly in- 
creases to the equilibrium value after a characteristic "induc- 
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tion” time. We refer to this kinetic feature as autocatalytic 
hereafter. 

In a subsequent study of the TW model, Hui et al. (1987a, 
b) derived analytical asymptotic solutions for the induction 
time and diffusion front velocity associated with the Case I1 
process. [The 1-D field equations and boundary conditions 
given by Thomas and Windle (1982) (Eqs. 10-13 in their article) 
and by Hui et al. (1987b) (Eqs. 8 and 9 in their article) are 
identical to our Eqs. 8 and 9 except for the definition of the 
fluid concentration. Both Thomas and Windle and Hui et al. 
employ the liquid volume fraction; we use c=p,/p202 which is 
necessary for a correct mass balance in material coordinates 
(Billovits and Durning, 1989).] The analysis showed that the 
surface swelling kinetics governed by Eq. 9 only show auto- 
catalytic behavior if M>e,  that is, only if the viscosity de- 
creases strongly enough with concentration. In such cases one 
can define an induction time, si, as the intercept of the two 
apparently linear portions of a u({= 0, s) ( =us) vs. s curve. 
For u,>>M-’,  Hui et al. found the following approximation: 

Us >> M -  I 

To analyze the steady-state front motion during the Case I1 
process, Hui et al. took q(c)  = qoexp( - mc), but assumed: 

a, c r c ,  
D ( c )  = 

where c, is a critical concentration. Eq. 13 is not a faithful 
representation of D(  c) (see, for example, Vrentas and Duda, 
1978; Frick et al., 1990), however, the assumption leads to 
neat asymptotic predictions, of a step-exponential concentra- 
tion profile in the steady state: 

’= (u,exp-V({-A), A s { s l  

where 

Here, A is the dimensionless position of the front, c, is the 
concentration at the front, V is the velocity of the advancing 
front (v being the scaled form of V), and u,= c,/c,. The value 
of u, and the function /3 depend on the magnitude of V. Two 
asymptotic cases were developed and are summarized in Ap- 
pendix B. 

The previous works on the TW model show that it captures 
the essential phenomenological characteristics of the Case I1 
process. Further, the developments in Appendix A suggest that 
the TW model captures the essential character of a slow dif- 
fusion (that is, small De) limit of more general first-principles 
models of viscoelastic diffusion. Consequently, we feel there 
is considerable value in reexamining the model by more ac- 
curate numerical methods than have been used previously. 

Numerical Methods for Solution of the TW Model 
For a partial differential equation (PDE) with one spatial 

variable and time, the method of lines (MOL) can be used to 
convert the PDE into a coupled system of ordinary differential 
equations (ODEs) in time by first partitioning the spatial do- 
main into subintervals, then discretizing the spatial derivatives 
using either finite difference methods or finite element meth- 
ods. The boundary conditions are incorporated into the spatial 
discretization while the initial conditions are used to start the 
solution of an associated initial value problem (IVP) for the 
coupled ODEs. We know that near the limit of Case I1 dif- 
fusion, steep concentration gradients and a traveling wave are 
expected. This demands that the ODE integrator be able to 
handle “stiff” problems effectively (the notion of stiffness is 
explained briefly in a subsequent section). Finlayson (1980) 
has shown that for stiff, nonlinear PDEs in a finite spatial 
domain, finite element discretization methods generally out- 
perform the finite difference methods in both accuracy and 
computation efficiency. Therefore, for Eq. 8, we chose a finite 
element method for the spatial discretization and adopted an 
ODE integrator (LSODI) designed to handle stiff IVP prob- 
lems effectively. 

Orthogonal collocation on hermite cubics 
Collocation methods are a class of finite element schemes 

which seek approximate solutions in the form of a sum of 
piecewise continuous polynomial functions. For the reasons 
given by Fu (1992), we chose the Hermite cubic interpolation 
functions. So, in our case, the dimensionless concentration u 
is approximated by the trial solution, C 

u(l,s)  nW,s) = [a?@)v,(U +cr$(s)u,(Ol (15) 
I 

where the range of i will be defined below. The “value” func- 
tion vi and the “slope” function u, are specified cubic poly- 
nomials in {(Davis, 1984; Fu, 1992). Their properties are such 
that a!’) (s) gives the value of C at { and s and a$ (s) gives the 
slope of C at { and s. A set of coupled, ordinary differential 
equations for the unknown a (a vector of all a’s) can be 
generated from an error minimization principle (Burnett, 1987). 
Define a residual function r (u , l , s )  for Eq. 8: 

and denote the residual associated with z2 by R({,  s; a)= 
r(  C, {, s). The error due to the approximation C is minimized 
by calculating the ajl)(s) and ajz)(s) that force 

where the wk are a set of weighting functions. If  this set is 
sufficiently large, Eqs. 16, with appropriate initial conditions, 
define an IVP for the unknown a. In the orthogonal collocation 
method, at({) = S({- G), with 6 being the Dirac delta function 
and 

In the application of orthogonal collocation one partitions 
the {domain (0s {I 1) into nx elements (subintervals). Let {,, 
such that 0 = {, < C2 c . . .lj< {,,+ = 1, define the interelement 
boundaries. Then, the summation in Eq. 15 ranges from 1 to 

being a set of collocation points. 
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nx+ 1, and the total number of time-dependent unknown Q(S) 

is 2nx+ 2. Therefore, orthogonal collocation on Hermite cu- 
bics requires that Eq. 16, with u,(()=S((- 0, be applied at 
2nx+ 2 specific spatial points: Two collocation points in each 
element (see subsequent discussion) plus two boundary points 
(p=O, 1). Substituting Eq. 15 into Eq. 16 and evaluating the 
result at the interior collocation and boundary points gives 
2nx+2 ODEs for the unknown ( ~ ( s ) .  Equations 10 and 15 
supply initial conditions for the ODE’s to define an IVP. 

An effective IVP solver 
The most important considerations in selecting a numerical 

method for an IVP governed by a system of ODEs are stability, 
convergence and accuracy. Linear multistep methods are among 
the best with respect to these features (Davis, 1984). Consider 
the system of N first-order ODEs: 

y =f (y , t ) ;  0s ts ”; y(0) = yo 

where y =  [y,, y,, . . . , yNIT is the N dimensional, column vector 
of dependent variables. Denote the numerical approximations 
to y and y at the current time, t ,- ,, by y,,- I and y,- ,, respec- 
tively. The increments t, - t,_ , are the time step sizes, h,. Linear 
multistep methods use the linear combinations of the solution 
and derivative values at more than one past point, that is, y,  
and for is n - 1, to determine an approximation at the next 
time, y,. They are represented by the formula: 

j = O  j =  I 

where y,-j denotesfCv,-j, tn-j). The quantities k , ,  k,, aj and 
flj are constant coefficients whose values define a particular 
method. The above formula defines an order q method, where 
q usually corresponds to max(k,, kz). The method is explicit 
if &=O, but implicit otherwise. In the implicit case, Eq. 17 is 
solved by first approximating y, in a predictor step based on 
an explicit method, and then in a corrector step employing an 
iterative scheme to find a better solution of Eq. 17. 

Consider the conditions needed to ensure that a linear mul- 
tistep scheme will be stable in the sense of damping initial 
numerical errors. A detailed stability analysis for linear prob- 
lems has been done (see, for example, Gear, 1971; Hindmarsh, 
1972) and one can apply the results to 2 locally linearized form 
of a nonlinear problem to understand its stability requirements 
qualitatively. Hindmarsh’s results for the linear ODE, j ,  = Xy 
where X is complex, indicate that, for any linear multistep 
integration scheme, there exists a region of absolute stability 
S in the complex plane of hX. The conditions for absolute 
stability of N linear, uncoupled ODE’s with eigenvalues X j  (j 
= 1,2, . . . , N) derived by local linearization and linear trans- 
formation of a nonlinear problem are that all hXj lie within S 
for the multistep method under consideration. Obviously, it 
is advantageous to select a method with the largest possible S 
to avoid instability. For backward difference formulation 
(BDF) methods of order q, S is all of the left half-plane for 
q = 1 or 2, and all of the left half plane except for two narrow 
strips along the imaginary axis for 3 5 q  (Hindmarsh, 1991; 
Gear, 1971), so these methods are attractive from the point of 
view of stability. 

An important characteristic influencing the efficiency of a 
numerical solution is the “stiffness” of the problem. The stiff- 
ness of the ODE system = f(y, t )  refers to the spread of 
characteristic time constants defined as 7; = - l/Re(X,) where 
the Xi are the eigenvalues of the Jacobian matrix of f ( y ,  t). 
For large values of the ratio max I ReX, I /min lReXj I the system 
is considered stiff. For such problems the use of a numerical 
method with finite S may severely impede computational ef- 
ficiency since the step size h, will be restricted to h,-0(1/ 

I maxh; I), which may be intolerably small in practice. Clearly, 
methods with largest possible S are required for stiff problems; 
BDF methods are therefore among the best for efficient so- 
lution of stiff IVPs. 

The ODE system associated with the TW model is stiff for 
conditions giving Case I1 transport. This is because the eigen- 
values of the ODE system depend on the diffusivity D ( c )  and 
viscosity ~ ( c )  appearing in the PDE and these can vary over 
several orders of magnitude with concentration in the Case I1 
limit. From the above, an integrator employing a BDF scheme 
should be a useful method. LSODI, developed by Painter and 
Hindmarsh (1982), is a powerful IVP solver which can imple- 
ment the BDF method of order q ( k , = q ,  k2=0,  &>O) for 
systems in the implicit form: 

LSODI solves Eqs. 18 using Newton’s method in the corrector 
step. Details of the computational techniques employed by 
LSODI are discussed by Painter and Hindmarsh (1982) and 
by Fu (1992). 

A code for the TW model 
The foregoing discussion indicates that the MOL using col- 

location on Hermite cubics for the spatial discretization and 
the BDF method for the time integration should provide a 
good combination of stability and computational efficiency in 
solving the TW Model. We developed a FORTRAN code to 
implement this calculation. The code defines an ODE system 
for the TW model resulting from the spatial discretization. It 
includes LSODI user-supplied subroutines and calls LSODI as 
a subroutine for the BDF time integration. The structure of 
the code is shown in Figure 1. This structure would apply for 
the solution of any model of 1-D sorption; only the definitions 
of A and G are model specific. 

Before describing how we formulated A,  G and the initial 
values of y for the TW model, consider the choice of the 
collocation points. It can be shown (Davis, 1984; Burnett, 1987) 
that the choice giving the highest accuracy for Hermite cubics 
[O(h;)] in the case of PDE’s second order in the spatial de- 
rivatives is: 

for the first collocation point in the jth subinterval, and 

for the second collocation point in the j th  subinterval. Here 
hj= 3;+ I - 6 means the size of j th  subinterval. We chose these 
collocation points in our application. 
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1 Preliminary Calculations 
* Declare variables 
* Generate spatial mesh 
* In i t ia l ize y and y 

2 Spatial discret izat ion 
* Define Hermite cubics and the i r  derivatives 
* Specify 9 (y,t), G_(y,t) and p(y.t) - _  

* Specify the user-supplied subroutines RES, 
ADDA and JAC, required by LSODI * 

3 Call LSODl 
* Call LSODI (RESID, APLUSP, DGBYDY, NEQ, Y, 

YDOTI, T, TOUT, ITOL, RTOL, ATOL, ITASK, 
ISTATE, IOPT, RWORK, LRW, IWORK, LIW, MF) 

4 Time integration condition loop 
* I f  t c t  final, go back t o  step 3. t o  c a l l  LSODI; 

otherwise, continue to  step 5. below. 

5. Processing of resul ts  

prof i le  
* Calculate concentration 

* Calculate the quantity TI 
* Calculate weight uptake 

i 
END 

- 
Figure 1. Structure of the FORTRAN Code. 

Now consider the formulation of A and G in Eq. 18 for the 
TW model. Equation 8 was rearranged so that all time deriv- 
atives appear on the lefthand side: 

Then, the trial solution, P, was substituted for u and all of the 
differentiations were carried out. Letting y represent a vector 
of the a’s, 

then A is the (2nx + 2) by (2nx+ 2) matrix of the coefficients 
of the terms linear in y on the left in Eq. 19 and in the boundary 
conditions, Eqs. 9, after introducing P. G is the column vector 
of size (2nx+2) corresponding to the righthand side of Eq. 19 
after introducing P. A has a banded structure and its elements 

Table 1. Properties Used in the Estimation of B for the Typical 
Case* 

Diffusivity of methanol in Do= [M2/s] 

Viscosity of PMMA at 24°C 
Molar volume of methanol 0, = 4.05 x [M3/mol] 
Initial PMMA film thickness 
Equilib. vol. frac. of MeOH 

Gas constant R=8.314 [J/mol.K] 
Temperature T=297 [K] 
Calculated value 9=7.5441x lo-’ 

PMMA at 24’C 
qo = 2 x lOI4 [Ns/M2] 

t ,  = lo-’ [MI 
B,p,,=0.23 

in PMMA at 24°C 

‘Taken from Thomas and Windle (1982). 

are strong functions of y; G is also strongly nonlinear in y. 
Explicit formulae for A and G for the TW model are given 
by Fu (1992) together with the FORTRAN code implementing 
the integration. 

Numerical Results and Discussion 
We first discuss a “typical” case, where the model param- 

eters correspond approximately to the system liquid methanol 
in poly(methylmethacry1ate) PMMA, where Case I1 transport 
is known to occur (Thomas and Windle, 1982). Table 1 lists 
values of all the physical properties needed to estimate 0. They 
correspond to liquid methanol in contact with 1-mm-thick 
PMMA plates at room temperature. The value of 0 was rounded 
from 0.0075 to 0.01 for the following typical calculation. The 
values of K and M were set to 5 to mimic the characteristically 
strong concentration dependence of the diffusivity and vis- 
cosity in polymer/fluid systems. Actual values of K and M for 
this system at room temperature are larger according to Thomas 
and Windle (1982). 

For the typical case, the number of subintervals, nx, was 
set to 30 giving a total of 62 collocation points. The results 
for the surface concentration, governed by Eq. 9, are plotted 
in Figure 2a; the concentration distributions are shown in Fig- 
ure 2b. 

In Figure 2a, the surface concentration us shows a weakly 
autocatalytic response (note mild upward curvature). From the 
intercept of the two apparently linear portions one can identify 
an induction time, si= 8.8 x Beyond s,, us increases rap- 
idly and then later relaxes slowly to equilibrium. The surface 
response calculated in Figure 2a is consistent with the results 
of Thomas and Windle (1982) and of Hui et al. (1987a) for 
similar conditions. The physical interpretation is as follows. 
Following the initial step increase in fluid activity at the surface, 
fluid accumulates very slowly because of the retarded dilational 
response of the dry polymer “matrix” at the surface to the 
imposed thermodynamic force. As fluid accumulates, the vis- 
cosity governing the rate of dilation falls precipitously, accel- 
erating the rate of accumulation. Eventually, the driving force 
decays to zero, the rate of fluid accumulation decays and us 
relaxes slowly to equilibrium. 

Figure 2b shows the dimensionless concentration, u,  vs. the 
dimensionless distance, {, as dimensionless time, s, increases 
until equilibrium. Three important features appear in Figure 
2b. The surface swelling process just discussed is evident: us 
increases with s from 0 to 1. After us reaches 1, a step-like 
profi!e develops and moves into the film. This occurs for di- 
mensionless times in the range 0.002<s<0.004 and is the Case 
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Figure 2a. Surface swelling kinetics (Eq. 9) with 8 = 0.01 
and M = 5. 
The induction time s. is 0.00088. 

I1 process. The final interesting feature is the development of 
a concentration gradient behind the steep front at long times. 
This indicates that the Case I1 process eventually becomes 
diffusion controlled, as has been observed experimentally in 
thick samples (Hopfenberg, 1978) and as is predicted in the 
phenomenological modeling of viscoelastic diffusion by As- 
tarita and Sarti (1978). So, the typical case shows all the well- 
known features of 1-D, nonlinear, viscoelastic diffusion very 
near the Case I1 limit. 

A series of solutions with finer grid spacings (that is, pro- 
gressively larger nx) was used to check whether a sequence of 
improved approximations produced by our code converged to 
a common limit, that is, whether our numerical solution is 
convergent. Profiles were computed using the same parameters 
as in Figure 2b, but with nx= 50 and 100; these were super- 
imposable on Figure 2b, indicating that the code produced 
convergent solutions of the model. For the rest of the calcu- 
lations discussed, nx= 30 is used. The effect of the time step- 

I-' s = 0 0 0 1  
v s = 0 0 0 2  
A s=0004 
0 s -0006  
rn s=o.o09 
4 s = 0 0 1 3  

dimensionless distancr ( 

Figure 2c. Quantity ll for the TW model (Eqs. 8-10) with 
B = O . O l ,  M=K=5,  nx=30. 
Legend indicates times s. 

diinensionless distance < 
Figure 2b. Concentration profiles for the TW model (Eqs. 

8-10) with 8=0.01, M=K=5,  nx=30. 
Legend indicates times s. 

size was not studied systematically since the user supplied value 
is adjusted internally by LSODl to achieve a compromise be- 
tween accuracy and efficiency. 

The quantity II = e-Mu( au/&s) represents the dimensionless, 
nonequilibrium contribution to the local fluid chemical po- 
tential implied by Eq. 6. The distribution of II accompanying 
Figure 2b is shown in Figure 2c. Initially II shows an extremely 
sharp peak (n=130) near the surface. During the Case I1 
process the step-like concentration profiles are proceeded by 
sharp pulses in II. As a concentration gradient develops behind 
the front, these broaden and relax and eventually vanish as 
equilibrium is reached. 

The dimensionless weight uptake, W ( s )  = S:u(s,{)d(, was 
calculated using Simpson's rule (Carnahan et al., 1975). W ( s )  

dimensionless time s 

Figure 2d. Weight uptake kinetics for the TW model 
(Eqs. 8-10) with 8=0.01, M= K = 5 ,  and 
nx = 30. 
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our data: 
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T M = 1 0  
3 M=15 
2 M = Z O  

TW’s data: 

0 M=5 
V M = l O  

M = 1 5  
A M=20 

dimensionless time s 

Figure 3a. Dependence of surface swelling kinetics (Eq. 
9) on M with 8 fixed at 0.0075. 
rhomas and Windle’s data (1982) are also plotted for compar- 
iron. Legend indicates values of M. 

for the typical case is given in Figure 2d; it is clearly linear in 
time after the induction period for W up to 0.6-0.7. 

In all, the results for concentration profiles, the quantity TI 
and the weight uptake for the typical case are qualitatively 
consistent with Thomas and Windle’s calculations and clearly 
characteristic of nonlinear viscoelastic diffusion near the Case 
I1 limit. In what follows we make quantitative comparisons 
with previous work on the TW model and systematically ex- 
plore the effects of the parameters @, M and K for values in 
the neighborhood of the typical case. Before proceeding how- 
ever, a few pragmatic remarks are relevant. 

All the calculations were done on a 33 MHz 386 PC computer 
with a math coprocessor. The compilation and execution of 
the code were done with a commercial FORTRAN compiler 
combined with a DOS extender. The execution time for a run 
ranged from approximately 10 min for weak nonlinearity to 
about 10 h for strong nonlinearity. By trial and error we dis- 
covered that there is a limited range of 8, M and K for which 
the code gives solutions. These were found to be: 0 5 8 s  10, 
O s M s 5  and O s K s  5 .  Outside of this range, the calculation 
would become unstable during a run and eventually diverge. 
Also, there exist some combinations of 0, M ,  K and nx within 
the above range which proved to be problematic. They are: 
@=0.01, M = 5 ,  K=O for any nx; @=0.01, M=O, K = 5 ,  for 
any nx; @=0.01, M = K = 5  for nx<30; @=0.0075, M = K = 5  
for any nx. These failures could be due to a violation of un- 
specified requirements by LSODI in the user supplied subrou- 
tines for M and/or K r 5 ,  or a violation of stability criteria 
for the solution of the ODE system when M or K r 5 .  Not- 
withstanding this, we can have some meaningful discussions 
of the effects of 0, M ,  and K within the stable ranges. Strategies 
for overcoming the current limitations of the code are discussed 
later. 

A finite rate of increase in surface concentration, us, is a 
well-known feature of non-Fickian sorption. As discussed pre- 
viously, Thomas and Windle (1982) examined M z  5 numeri- 
cally and found an autocatalytic response for u,; in such cases, 
one can define an induction time si (for example, Figure 2a). 
Recall also that Hui et al. (1987a) developed an asymptotic 
result for s, for sufficiently large M (Eq. 12). We performed 

0 

m 
c 
t 

, _ . , . .  / ,  

0 0020 0 C040 

0’ 

, _ . , . .  / ,  
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-1 

0 008CI 

dimensionless t ime s 

Figure 3b. Dependence of surface swelling kinetics (Eq. 
9) on M with 8 fixed at 0.0075. 

a series of calculations to compare with Thomas and Windle’s 
and to test Hui et al.’s result for the effect of M .  (There is no 
need to probe the effect of 8 on s, numerically since Eq. 9 
indicates that the effect of changing 0 is just to rescale time, 
which immediately gives that s, is proportional to 0, in agree- 
ment with Eq. 12.) We calculated u, vs. s for M = 5 ,  10, 15 
and 20 with 8 fixed to 0.0075. Our results along with those of 
Thomas and Windle (1982) appear in Figure 3a; the two cal- 
culations agree perfectly. All the plots show autocatalytic re- 
sponse and permit calculation of induction times. calculations 
for M = 2, 3 and 4 with 0 = 0.0075 were also done (see Figure 
3b). For M =  2 or 3, an induction time cannot be determined 
since us shows no upward curvature; M =  4 shows only weak 
autocatalytic response. The appearance of the induction time 
for M > 3  confirms the analysis of Hui et al. (1987a). The 
induction times for M Z  5 were measured by linear regression 
as illustrated in Figure 2a and are collected in Table 2. A log- 
log plot of s, vs. [Mln(M)] showed good linearity and gave 
the regression slope of - 0.886&0.038, indicating that 
s,- [MZn ( M ) ] - ‘  to within numerical error, in agreement with 
Eq. 12. So, our numerical study of the influence of M on si 
agrees exactly with Thomas and Windle’s (1982) numerical 
work and confirms Hui et al.’s (1987a) analytical asymptote. 

Unfortunately, we could not compare our results for u({,  s) 
directly to Thomas and Windle’s due to the limited range of 
M and K accessible with our code. However, we could qual- 
itatively compare our results for the case 8=0.0075, M = 5 ,  
K = 4 to Thomas and Windle’s calculation for 0 = 0.0075, M =  5 
and K=6.215. They both show sharp fronts, although our 
calculations show that a significant gradient develops behind 
the moving front at long times, which does not appear in 
Thomas and Windle’s result. Thomas and Windle’s data show 

Table 2. Induction Times si as a Function of M with 8 Fixed 
at 0.0075 

No. M s, x 104 

1 5 7.15 
2 10 3.05 
3 15 1 .I5 
4 20 1.20 

June 1993 Vol. 39, No. 6 1037 AIChE Journal 



0 1  

00 
00 0 1  0 2  0 3  0 4  0 5  0 6  0 7  0 8  0 9  1 C 1  

s -0  001 
s=o 002 

s=O.O08 
s=O 016 

s=n 004 

dimensionless distance < dirnensionless distance < 
Figure 4a. Concentration profiles for the TW model (EW- 

8-10) with 8=0.0001, M=K=4, and nx=30. 
Figure 4b. Concentration profiles for the TW model (Eqs. 

8-10) with 8=1, M = K = 4 ,  and nx=30. 
Legend indicates times s. Legend indicates times s. 

slightly steeper profiles and reach equilibrium somewhat faster. 
These differences are likely due to the disparity in K between 
the two calculations (their value is 1.56 x ours) and the dif- 
ference in numerical schemes. 

The effect of 8 on the concentration profiles was studied by 
varying its value over 4 orders around the typical value with 
M and K fixed at 4. The concentration profiles shown in Figures 
4a and 4b correspond to the two extreme values of 8, and 
1, respectively; the associated weight uptake curves appear in 
Figures 5a and 5b. From Eq. 11, 8 represents the ratio of 
timescales for flow of the dry polymer under a stress 
-O(RT/O,) to the timescale for molecular diffusion of the 
fluid through the dry, glassy polymer a distance equal to the 
film half thickness, ti; note that 8 - t;*. The simplest physical 
interpretation of varying 8 with the properties M and K fixed 
is of varying the film thickness. In particular, one can interpret 
that increasing 0 by four orders corresponds to decreasing the 

dimensionless ttme s 

film thickness by two orders. We therefore anticipate that as 
8 increases beyond the typical value of the evolution of 
concentration profiles within the film becomes dominated by 
the surface concentration kinetics, as one would expect in 
experiments on methanol sorption in extremely thin (< 0.1 mm) 
PMMA films. Conversely, as 8 decreases below we an- 
ticipate a trend toward diffusion control of the concentration 
profiles. Figures 4 and 5 verify this intuition. For @=lo-', 
corresponding to thick films, diffusion control is evident; con- 
centration profiles (Figure 4a) show large gradients near the 
surface and possess downward curvature. With the largest 
0( = l), corresponding to very thin films, the kinetics of surface 
swelling clearly control the concentration profiles (Figure 4b) 
and the weight uptake closely resembles the surface kinetics 
(Figure 5b). 

0-0 0 1  0 2  0 3  0 4  0 5  

dimensionless time s 
Figure 5a. Weight uptake kinetics for the TW model (Eqs. 

8-10) with 8=0.0001, M=K=4, and nx-30. 
Figure 5b. Weight uptake kinetics for the TW model 

(Eqs. 8-10) with 8 =  1, M= K=4, and nx= 30. 
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Figure 6a. Concentration profiles for the TW model (Eqs. 
8-10) with B=O.Ol, M=2, K = 5 ,  and nx=30. 
I-igend indicates times s. 

Next, the elfects of the nonlinearity in the viscosity were 
studied by varying M between with 0 and K fixed at 0.01 and 
5 ,  respectively; Figures 6, 7, 2b and 2d show representative 
results. In agreement with Thomas and Windle's (1982) study, 
we find that the nonlinearity in the viscosity function is critical 
LO the appearance of Case I1 behavior. When this nonlinearity 
is weak (for example, M =  2 as in Figure 6), the features char- 
acteristic of Case I1 are absent. Figure 6a shows the concen- 
tration profiles for this case; there is no evidence of a traveling 
front. Figure 6b shows the corresponding weight uptake vs. 
time. The plot shows weak upward curvature for W ( s )  up to  
0.4-0.5 reminiscent of the surface kinetics rather than the 
linearity characteristic of Case 11. Indeed, Figures 6 and 7 show 
that the features characteristic of Case 11, which are very clear 
in Figure 2h, disappear when M falls below 3 to  4. This cor- 
responds to  the suppression of an autocatalytic response in the 
surface concentration kinetics. Evidently, autocatalysis is a 
crucial nonlinear feature for the prediction of Case 11. 

1 0 2  ( 3 3  0 4  0 5  06 0 7  0 8  0 9  

dimensionless distance ( 

< ,  9-0001 
7.- s--ooo:! 
c S=ooo.l 

s=O.O08 
s = o o l t i  

Figure 7a. Concentration profiles for the TW model (Eqs. 
8-10) with 8=0.01, M=4, K=5, and nx=30. 
Legend indicates times s. 

dimensionless t irne s 

Figure 6b. Weight uptake kinetics for the TW model 
(Eqs. 8-10) with B=O.Ol, M=2, K = 5 ,  and 
nx = 30. 

We also considered the influence of the nonlinearity in the 
diffusion coefficient on the predictions. Thomas and Windle's 
original numerical study (1982) showed that with constant dif- 
fusivity and with 8 = 0.0075 and M =  15, concentration profiles 
still showed the discontinuous front characteristic of Case 11 
transport although a large gradient readily developed behind 
the front in this case. This slows the front with time thereby 
precluding weight uptake linear with time as is characteristic 
of Case 11. They suggested that while the nonlinearity in the 
viscosity function is crucial for the appearance of a sharp front, 
prediction of the Case I1 process also requires a strongly non- 
linear diffusion coefficient, increasing with concentration. We 
attempted to  explore this question further. Figures 8 and 9, 
together with Figures 2b and 2d, show the influence of K on 

I_-_ 
7010 O O ! ' .  

drmensionless time s 

Figure 7b. Weight uptake kinetics of the TW model (Eqs. 
8-10) with 8=0.01, M=4, K=5, and nx=30. 
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Figure 8a. Concentration profiles for the TW model (Eqs. 

8-10) with B=O.Ol, M=5, K = 2 ,  and nx=30. 
Legends indicate various times s. 

the behavior with 8 and M fixed at 0.01 and 5, respectively. 
As K decreases from 5 to 2, the front disappears. At the same 
time, the weight uptake curves change from linear with s (Fig- 
ure 2d) to more nearly linear with & (Figure 8b), a Fickian 
feature. These results clearly indicate that K must be suffi- 
ciently large for the prediction of Case I1 and support Thomas 
and Windle’s suggestion that a diffusion coefficient strongly 
increasing with concentration an essential feature for Case 11. 

The foregoing calculations show very clearly that in order 
to predict Case I1 from a model based on Eq. 6, one must 
have both a diffusion coefficient increasing strongly with fluid 
concentration and a viscosity decreasing strongly with con- 
centration. 

Hui et al. (1987b) developed simple, asymptotic formulas 
for the steady front velocity during Case I1 (Eqs. 14, 91 and 
B2). These, however, were derived using the assumption of a 
sudden divergence of the diffusion coefficient with fluid con- 
centration (Eq. 13). We observed Case 11 profiles under the 

0 s = 0 0 0 1  
c s - 0 0 0 2  
L s=0.004 
0 s - 0 0 0 8  

s - 0 0 1 6  
+ s = 0 0 3 2  

dimensionless distance < 
Figure 9a. Concentration profiles for the TW model (Eqs. 

8-10) with B = O . O l ,  M=5, K = 4 ,  and nx=30. 
Legend indicates times s. 
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Figure 8b. Weight uptake kinetics for the TW model 
(Eqs. 8-10) with B=O.Ol,  M=5, K=2 ,  and 
nx = 30. 

conditions 0 = 0.01, M =  K = 5 (Figure 2b) without adopting 
Eq. 13, and were interested to see whether the simple functional 
forms given by Hui et al. remained valid. Verification of this 
would enable simple analysis of experimental results on systems 
displaying Case I1 features over a broad range of conditions 
without having to test the validity of Hui et al.’s assumptions 
for the system of interest. 

Since our calculations explore the range M S  5 ,  only the 
“slow front” limit (Eq. 92) could be checked directly for the 
effect of M on the dimensionless front velocity (in fact, for 
M S  5,  Eq. B1 gives unphysical predictions). According to Eq. 
14, the dimensionless front velocity u is proportional to 0-”2 
when P(M, u,) (that is, M) is fixed. Also, from Eqs. 14 and 

d i m e n s i o n l e s s  t i m e  s 

Figure 9b. Weight uptake kinetics for the TW model 
(Eqs. 8-10) with B=O.Ol ,  M=5, K=4 ,  and 
nx = 30. 
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Table 3. Dependence of the Dimensionless Diffusion Front 
Velocity v on the Dimensionless Number 8 with Mand K Fixed 

at 5 

3 8  

# 8 vc V W  

- 

1 0.01 56*5 48.0*2.0 
2 0.0125 52*5 43.0* 2.0 
3 0.015 47*5 40.0*2.0 
4 0.0175 42*5 37.0*2.0 
5 0.02 40&5 34.0*2.0 
6 0.0225 38*5 32.0 2.0 
7 0.025 35*5  30.0* 2.0 

u, = front velocity measured by tracking the steady motion of the concentration 

u,= front velocity measured from linear regression slopes of the linear portion 
fronts 

of weight uptake curves 

B2 for the slow front limit, u is proportional to [e~p(Mu,)]"~ 
when O is fixed. 

For Case 11, the dimensionless rate of fluid uptake during 
steady-state front propagation is dW/ds= 2u. So, the velocity 
u can be determined from the regression slope of the linear 
portion of the weight uptake curve. This value can be checked 
by direct tracking of the steady motion of the corresponding 
concentration profiles. 

Table 3 gives values as a function of O of the dimensionless 
front velocity, u, = (1/2)d W/ds, determined from the regres- 
sion of the weight uptake kinetics, and of u,, determined by 
tracking the steady motion of the concentration fronts. The 
values of u, and u, are reasonably close, although u, has some- 
what better accuracy. For the following we use u, and drop 
the subscript for convenience. A log-log plot of u vs. 8-l ap- 
pears in Figure 10; a linear regression slope of 0.51 1 *0.006 
was found indicating which is very near the 
asymptotic prediction by Hui et al. (1987b). 

The effect of Mon  the front was studied in the range 3 S M I  5 
with O and K fixed at 0.01 and 5 ,  respectively. This ensures 
the condition exp( - Mu,) - O( 1) for u, - O( 1) as required by 
the asymptotic analysis. Table 4 gives M ,  o, and u, together 
with the quantities M/(Ovf) and M/(Oui). Again, because of 

~ ~ ~ l ' ' ' ' I ' ' " I ' ' " I ' " ~  

P 

slope 0.511+0.006 - 

/ 

!' 
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Figure 10. Logarithmic plot of the Case I I  front velocity, 
v, as a function of the inverse of 8. 

Table 4. Dependence of Dimensionless Diffusion Front Ve- 
locity v on M with 0 and K Fixed at 0.01 and 5* 

# M  v, M / (  vf8) V W  M/(d$)  
1 3  47*5 0.1358 38.0*2.0 
2 3.25 50*5 0.1300 40.0k2.0 
3 3.5 52*5 0.1294 41.0t2.0 
4 3.75 5 3 * 5  0.1335 42.0*2.0 
5 4  54*5 0.1372 44.0*2.0 
6 4.25 5 5 * 5  0.1405 45.0*2.0 
7 4.5 56*5 0.1435 46.0*2.0 
8 4.75 56*5 0.1515 47.0*2.0 
9 5  56*5 0.1594 48.0*2.0 

'For u, and u,, see remarks at the bottom of Table 3. 

0.2121 
0.2098 
0.2095 
0.2094 
0.2084 
0.2087 
0.2098 
0.2112 
0.2140 

its higher accuracy, we use u, for analysis. Figure 11 shows In 
u vs M. The plot shows a clear deviation from linearity by 
displaying downward curvature. A linear regression slope gives 
(1/2)uC=0.125~0.006. If u, is assumed to have the value 1, 
then u-exp 0.125 M which does not agree with Hui et al.'s 
asymptotics in that the prefactor for M has about one quarter 
the expected value. On the other hand, if u, is treated as a 
parameter we find u, has the apparent value of = 0.25 for the 
range of M used in Figure 11 and conclude that Figure 11 
confirms the asymptotic form in so far as the plot can be 
considered linear. 

These results show that the asymptotic forms predicted by 
Hui et al. (1987b) for the "slow front" case give a very good 
representation of the 8 dependence of u but only a fair rep- 
resentation of the Mdependence of u. However, regarding the 
latter conclusion, we point out that the quantity M/(O&) was 
less than 0.22 over the range of conditions explored (Table 4), 
instead of satisfying M/OV2,2 1 as required by Hui's asymptotic 
analysis. Also, we have not employed the restrictive assump- 
tion, Eq. 13. Either of these might explain the deviations from 
the expected asymptotic law seen in Figure 11. 

Nonetheless the numerical data clearly supports the view 
that the formula u - 8-  I" is not sensitive to the details of how 
the diffusion coefficient increases with concentration or how 

> 
C 
v 
- 

/ slope 0.125+0.006 
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M 

Figure 11. Semilog plot of the Case I I  front velocity, v, 
vs. M. 

AIChE Journal June 1993 Vol. 39, No. 6 1041 



viscosity function decays with concentration, but only depends 
on these properties being strongly nonlinear. In this sense 
u - 0 -  appears to  be a robust law. Unfortunately, verification 
of the asymptotic formulas for the M dependence of L’ for 
“fast fronts” (Eq. B1) is not accessible by our numerical 
scheme. 

Summary and Conclusions 
We showed that Thomas and Windle’s model is a small 

Deborah number limit of the more general thermodynamic 
theory of Durning and Tabor (1986). We studied the model 
numericallv for integral sorption in a dry film. 

Our numerical scheme used collocation on Hermite cubics 
and a stiff ODE integrator (LSODI). With parameters typical 
of a system showing Case 11, the numerical solutions clearly 
simulate the process correctly. Numerical values of the induc- 
tion times s, measured from the surface kinetics verified Thomas 
and Windle’s (1982) numerics for s, and the analytical asymp- 
totic formula (Eq. 12) by Hui et al. (1987a). The simulated 
effects of the parameter 8 on the sorption kinetics agree with 
physical intuition: For large 0 (thin films) sorption is controlled 
by the surface swelling, on the other hand, for small 0 (thick 
films) the sorption becomes diffusion-controlled. 

The study shows that strong nonlinearities in both diffusivity 
and viscosity are essential for the prediction of Case I I  trans- 
port from a TW type model. Also, we demonstrated that the 
formula u - 8 -  by Hui et al. (1987b) was correct despite the 
fact that for our results we did not adopt the same severe 
simplifying assumptions. 

In carrying out these calculations, we found that the code 
can run easily, and fairly fast, on 386 PC computers with a 
math coprocessor, so it can be used as a practical tool for 
routine data analysis. In the future, to  improve the code’s 
ability to  solve cases with more severe nonlinearities one might 
try a method of generating ODEs different from collocation. 
For example, using Galerkin’s method might reduce the chance 
of instability in the case that a sharp front develops in the 
concentration profiles, since Galerkin’s technique solves the 
“weak form” of the original field equation (Davis, 1984; Car- 
rier and Pearson, 1976). Also, one might choose a more ad- 
vanced IVP solver appropriate for an ODE system in the form 
of g@, y,  t )  = 0. A possible technique is discussed by Petzold 
(1983). 
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Notation 
a =  

A =  

c =  
c, = 

1042 

fluid activity; shift function for time-concentration superpo- 
sition (Appendix A) 
matrix in implicit form of coupled system of first-order ODEs 

fluid mass concentration per unit polymer volume 
critical concentration for the divergence of D in analysis by 
Hui et al. (1987b) (Eq. 13) 

(Eq. 18) 

c, = 

c ,  = 
d =  

d’  = 
D =  

D’ = 
D,? = 
De = 

D,, = 
f =  
f ’ =  
g =  
G =  

G<, = 
G =  

value of c at Case I I  front in analysis by Hui et al. (1987b) 

value of c at equilibrium 
DID,  (Appendix A) 
D‘/D,, (Appendix A) 
polymer material diffusion coefficient 
coefficient of memory term in diffusion flus (Eq. 3 )  
binary mutual diffusion coefficient 
diffusion Deborah number (Appendix A) 
D(c=O) 
dimensionless fluid chemical poiential at equilibrium, relative 
to pure liquid 
inhomogeneous term in coupled system of first-order ODES 
G/G,, 
instantaneous shear modulus of polymer/ tluid mixture 
G(c=O) 
inhomogeneous term in coupled system of first-order ODEs 
(Eq. 18) 
j t h  sub interbal size; c,. , - S; 

0%. 14) 

h, = 
h, = 

I =  

j =  
j i  = 
k =  
k ,  = 
k =  

t?Z1 = 

M = 
n =  

nx = 

P =  
4 =  

r =  
R =  

s, = 
S =  

I =  
1, = 
I, = 
T =  

u,. = 
u, = 
11, = 

u, = 

c,. = 

v, = 
u, = 
v, = 
v =  
w =  
J’ = 

Y n  = 

ttl = 

p =  

s =  

I f  = 

u =  

time step size 
dimensionless memory integral in f lux  expression (Appendix 
A) 
dimensionless fluid flux 
fluid mass flux relative to  polymer 
phenomenological constant i n  D ( c )  
constants in linear multistep integration formula (Eq. 17) 
kc( 
phenomenological coii ) 

dimensionlcss con\tL4cti 

A) 
tnc, 
exponent i i i  powti !aw expression for initial weight uptake 
kinetics 
number of subintervals 
dimensionless, stretched age 
dimensionless age 
max(k,, k?), defines accuracy of linear multistep integration 
formula 
residual function for field equation 
gas constant; local residual based on the trial function ii 
dimensionless time 
dimensionless induction time 
region of absolute stability for y = hy in the Re-Im plane of 
Ah for linear multistep integration methods 
time 
initial thickness of polymer film 
time after n integration steps 
absoluie temperature 
dimensionless fluid concentration (L./c,) 
dimensionless critical concentration for the divergence of D 
dimensionless fluid concentration at Case 11 front 
dimensionless fluid concentration at film surface 
dimensionless Case I1  front velocity 
dimensionless front velocity determined by tracking the Case 
I1 front 
dimensionless front velocity determined from weight uptake 
kinetics 
partial specific volume of component I 

partial molar volume of component i 
velocity of component i 
Case I1  front velocity 
dimensionless fluid mass uptake 
column vector of unknowns 
numerical estimate of y at I,, 

qil!iire 1 ihco4iIy (Appendix 

Greek letters 
a, = coefficients in linear multistep integration formula (Eq. 17) 
4 = unknown time dependent functions in trial solution (Eq. 15) 
(Y = vector of unknown 4 
/3 = dimensionless function in asymptotic solution for c (Eq. 14) 
6, = coefficients in linear multistep integration formula (Eq. 17j 
6 = Dirac function r = dimensionless distance ( { = f / r , )  
c, = position of interelement boundary 
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c, = 
1 1 =  

110 = 
8 =  

A, = 
A =  
P, = 
v2 = 

I =  n =  
P =  
P8 = 

P l U  = 
6, = 

T, = 
Ipr = 

T =  

$ =  

w =  
w, = 

collocation points 
mixture shear viscosity 
?(C = 0) 
parameter in dimensionless form of TW model 
eigenvalue of the Jacobian off  
dimensionless position of Case I1 front 
chemical potential of component i 
value function 
polymer material coordinate along the diffusion direction 
dimensionless nonequilibrium contribution to fluid chemical 
potential implied by Eq. 6 
mixture mass density 
mass density of component i 
mass density of fluid at equilibrium 
slope function 
shear relaxation time 
time constants for a system of first-order ODES 
dimensionless shear relaxation modulus of mixture 
decaying part of (normalized) memory function for mixture 
(Appendix A) 
mass of fluid absorbed per unit area 
mass fraction of component i 
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Appendix A 
Here we derive a nonlinear limiting form of Eq. 2 valid for 

small but finite values of the diffusion Deborah number, De. 
Integration by parts allows Eq. 2 to be recast in the form 

where c means c(t ,  t) and c’ means c(( ,  t ’ ) .  With the as- 
sumptions underlying Eq. 2, pr corresponds to the (normalized) 
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shear relaxation modulus of the mixture so that acp,/at ’ is the 
(normalized) memory function ([ = ] 1 / 7J. 

The dependencies of (P, and acp,/at’ on c‘ express how the 
history of the liquid concentration in a polymer material ele- 
ment affects its memory of past deformations. For homoge- 
neous systems concentrated in polymer, the dominant effect 
of changing the liquid concentration from c to c’ is to rescale 
the relaxation times governing the decay of p r  or acp,/at‘ by 
a “shift factor,” a, depending on c and c’ (Ferry, 1980). For 
a system dominated by a single relaxation time, this is expressed 
mathematically in terms of the memory function by 

- a Pr= $( t- t’  ) (A2) 
at‘ ~ ( c ) u ( c ,  c’) ~ ( c ) o ( c ,  c’) 

where $is a (dimensionless) decaying function of its argument. 
(In a generalization to a system with multiple relaxation mech- 
anisms one would replace 7(c) by a sum over a distribution of 
relaxation times and apply the same shift factor to each.) 
Equation A2 asserts a simple time-concentration superposition 
principle analogous to the time-temperature superposition valid 
for thermorheologically simple materials (see, for example, 
Dill, 1975). In ageneralization of Eq. A2 for a polymer material 
element with an arbitrary concentration history one replaces 
the argument of 4 in Eq. A2 with j:. d t “ / ~ ( c ) a ( c ,  c”) by 
analogy with the effect of an arbitrary thermal history on the 
memory function in thermorheologically simple materials (Dill, 
1975). 

Now, consider the dimensionless form of Eq. A1 appropriate 
for an integral sorption experiment. Introducing the dimen- 
sionless quantities: 

where c, means the equilibrium value of c, and D, is a reference 
value of the diffusion coefficient, leads to: 

au a 
ac ac j =  - d ( u )  - -d ’ (u )  -g (u ) I (u ,  u ’ )  (A3a) 

where 

cs 

x$(  j:, du”/De(u )a (u ,  u ” )  [u-u’lds’ (A3b) ) 
Here j = j : , , t i / c P o  is a dimensionless flux and D e ( c )  = 
7(c)D0/$ is the diffusion Deborah number based on the local 
value of the relaxation time and the reference diffusion coef- 
ficient. Also, g ( u ) ,  a ( u ,  u ’ ) ,  and D e ( u )  mean the functions 

whosevaluesareg(c), a(c ,  c’), and D e ( c ) ,  respectively, when 
u=c/c, and u’=c ’ /c , .  

Defining a stretched, dimensionless age, p =  (l/De)j: ,ds”/ 
a, leads to the representation: 

where u6($, h )  is the function whose value is u ( s ’ ,  h )  when 
$ = S i t  ds”/a. For sufficiently small values of De, one can 
expand u,(Dep, {) in a Taylor series about De=O to find an 
accurate approximation to the integral. Using a first-order 
approximation, the identity (au,/a@);=, = - au/as, and defin- 
ing the dimensionless constant m = dpp$ ( p )  gives the di- 
mensionless expression: 

as an accurate approximation to Eq. A3 in the limit of small, 
but finite Deborah numbers. 

Appendix B 
For the reader’s convenience we summarize the asymptotic 

results of Hui et al. (1987b) on the Case I1 front velocity. In 
the “fast front” asymptotic case, where M / ( O d )  << 1 and 
M>> 1 ,  u,= u, and 

/3=0.77b exp(-My)/IIn ( ~ ) 1 ] ’ / ~  (B1) 

where 

exp[ - [(1-6)(1--)1”2-1]], 26 In (6) 
’=M In(M) (1 - 6)2 

and 

6 =  I/[ln (M/2)]. 

These describe the profile when the viscosity decreases very 
strongly with increasing fluid content. 

In the “slow front” asymptotic case, where M / (  OuZ)r 1 and 
M is sufficiently small, exp( - Mu,) - O( l ) ,  Hui et al. found 
u,= 1 and 
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